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ABSTRACT
We present a new numerical algorithm for the calculation of pulse profiles from spinning neutron
stars in the Hartle-Thorne approximation. Our approach allows us to formally take into account the
effects of Doppler shifts and aberration, of frame dragging, as well as of the oblateness of the stellar
surface and of its quadrupole moment. We confirm an earlier result that neglecting the oblateness of
the neutron-star surface leads to ≃ 5 − 30% errors in the calculated profiles and further show that
neglecting the quadrupole moment of its spacetime leads to ≃ 1 − 5% errors at a spin frequency of
≃ 600 Hz. We discuss the implications of our results for the measurements of neutron-star masses
and radii with upcoming X-ray missions, such as NASA’s NICER and ESA’s LOFT.
Subject headings: stars: neutron — relativity — gravitation
1. INTRODUCTION
A temperature anisotropy on the surface of a spinning
neutron star leads to a periodic oscillation of its bright-
ness at the stellar spin frequency, as viewed by an ob-
server at infinity. The amplitude and spectrum of this
oscillation depends on the temperature profile on the
stellar surface, on the beaming of the emerging radia-
tion, and on the magnitude of strong-field gravitational
lensing experienced by the photons as they propagate
through the neutron-star spacetime (Pechenick, Ftaclas,
& Cohen 1983). Given a model for the emerging radi-
ation, the properties of the brightness oscillation can,
therefore, be used in mapping the neutron-star surface
and spacetime, as well as in measuring its mass and ra-
dius.
Pulse-profile modeling techniques have been used to
explore the surface emission properties in many types of
neutron stars, such as slow pulsars (Page 1995), mag-
netars (DeDeo, Psaltis, & Narayan 2001; O¨zel, Psaltis,
& Kaspi 2001), rotation-powered millisecond pulsars
(Pavlov & Zavlin 1997; Bogdanov, Rybicki, & Grind-
lay 2007), X-ray bursters (Weinberg, Miller, & Lamb
2001; Nath, Strohmayer, & Swank 2002; Muno, O¨zel,
& Chakrabarty 2002, 2003), and accretion-powered mil-
lisecond pulsars (Poutanen & Gierlinski 2003; Bhat-
tacharyya et al. 2005; Leahy et al. 2008, 2009, 2001;
Lamb et al. 2009; Morsink & Leahy 2011). This tech-
nique also defines the key scientific objectives of several
upcoming or proposed X-ray missions, such as NASA’s
NICER (Arzoumanian et al. 2010), ESA’s LOFT (Fer-
roci et al. 2012), and ISROs Astrosat (Agrawal 2006),
which aim to measure the masses and radii of several
millisecond rotation-powered pulsars and X-ray bursters
with high precision.
The effects of the gravitational lensing on the surface
photons have been explored with a variety of techniques
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and approximations, since the original work on non spin-
ning neutron stars (Pechenick, Ftaclas, & Cohen 1983).
At relatively low spin frequencies (i.e., . 300 Hz), the
spacetime of the neutron star is accurately described by
the Schwarzschild metric and its spin primarily causes
Doppler shifts and aberration (Miller & Lamb 1998;
Muno, O¨zel, & Chakrabarty 2002; Poutanen & Be-
loborodov 2006). At similar spin frequencies, the effects
of frame dragging are marginal (Braje, Romani, & Rauch
2000). At moderate spin frequencies (i.e., . 800 Hz), the
neutron-star spacetime acquires a quadrupole moment
and its surface becomes oblate. Finally, at spin frequen-
cies near breakup (i.e., & 1 kHZ), higher order multipoles
become important and the neutron-star spacetimes can
only be calculated by solving numerically the field equa-
tions for particular equations of state (Cook et al. 1994;
Stergioulas & Friedman 1995; Stergioulas 2003; see also
Cadeau et al. 2007).
Rotation powered millisecond pulsars and thermonu-
clear X-ray bursters, which make up the majority of
neutron star targets for NICER and LOFT, have fast
spin frequencies in the ≃ 300 − 800 Hz range. Stars
with these spin frequencies, especially if they also pos-
sess larger radii, acquire notably oblate shapes and large
quadrupole moments. Morsink et al. (2007) demon-
strated that, for this relevant range of parameters, the
oblateness of the neutron-star surface significantly affects
the resulting pulse profiles. In a similar range of fre-
quencies, Baubo¨ck, Psaltis, & O¨zel (2013) showed that
the quadrupole moment of a neutron-star spacetime also
significantly alters the spectroscopic properties of its sur-
face emission.
In the present article, we describe a new algorithm for
calculating the lightcurves of spinning neutron stars in
the Hartle-Thorne approximation, which formally takes
into account the oblateness and quadrupole moment of
the star, as well as the effects of frame dragging, Doppler
shift, and aberration. Contrary to calculations that are
based on numerical spacetimes, our approach allows us
to simulate lightcurves based only on the macroscopic
properties of the neutron stars, without the need for as-
suming a particular equation of state.
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Fig. 1.— The geometry used in calculating the lightcurves from
spinning neutron stars.
In §2, we describe our calculations that are based
on our ray-tracing algorithm described in Psaltis & Jo-
hannsen (2012) and Baubo¨ck et al. (2012). In §3, we com-
pare our calculations with earlier results obtained under
different assumptions and approximations. Finally, in §4,
we discuss the implications of our results for the mass and
radius measurements with the upcoming X-ray missions.
2. CALCULATING LIGHTCURVES OF SPINNING
NEUTRON STAR
Our goal is to calculate the brightness and the spec-
trum of emission from the surface of a spinning neutron
star at different rotational phases and for different view-
ing geometries. To this end, we define a coordinate sys-
tem with its origin at the center of the neutron star and
the z-axis aligned with the rotation axis of the star. We
then set up an image (or detector) plane at a distance d
from the center and at an angle θ0 with respect to the
rotational axis of the star. At θ0 = 0, the image plane is
parallel to the x−y plane, while for θ0 = π/2, the vector
d lies along the x−axis and the image plane is parallel to
the y−z plane. On the image plane, we also define a two-
dimensional Cartesian coordinate system (α0, β0), with
the β0-axis on the x − z plane and the α0-axis pointing
towards the y-axis (see Figure 1).
The flux of radiation at photon energy E received on
the image plane at time t is given by the integral
FE(t) =
1
d2
∫
α0,β0
I(α0, β0;E, t)dα0dβ0 , (1)
where I(α0, β0;E, t) is the specific intensity on the im-
age plane of a point with coordinates (α0, β0). Of all the
photon rays that reach the image plane, only those that
originate on the neutron-star surface have a non-zero in-
tensity. Because of the strong gravitational field of the
neutron star, these photon rays are not straight but are
rather curved due to gravitational lensing.
The radii of all realistic neutron stars are larger than
the radius of the photon orbit in their spacetimes. Under
these conditions, photons arriving at position (α0, β0) on
the image plane are uniquely connected to a position and
direction on the stellar surface. As a result, we can define
a number of one-to-one maps between the coordinates
(α0, β0) at which a photon ray crosses the image plane
and various other properties of the photons that travel
along this ray. In particular, we will use the five maps
φ=φ(α0, β0) (2)
θ= θ(α0, β0) (3)
δ= δ(α0, β0) (4)
ǫ=
E(α0, β0)
Ee(φ, θ)
(5)
td= td(α0, β0) , (6)
that connect the image-plane coordinates (α0, β0) of a
photon ray to the longitude φ and latitude θ on the neu-
tron star surface where the ray originates, to the angle
δ between the photon momentum on the stellar surface
and the normal to the surface, to the ratio ǫ between
the observed and emitted energies, E and Ee, and to the
time of flight between the neutron star surface and the
image plane.
Because of the Lorentz invariance of the photon occu-
pation number along a photon ray, we can now relate
the specific intensity I(α0, β0;E, t) on the image plane
to the specific intensity INS(θ, φ, δ;E, t) on the neutron
star surface as
I(α0, β0;E, t)= ǫ
3INS [φ(α0, β0), θ(α0, β0),
δ(α0, β0);
E
ǫ
, t− td(α0, β0)
]
.(7)
Inserting this last expression into equation (1) leads to an
integral expression for the time- and energy-dependent
radiation flux that flows through the image plane.
2.1. Ray Tracing
We calculate the five mapping relations (2)-(6) us-
ing the ray tracing algorithm described in Psaltis & Jo-
hannsen (2012) and Baubo¨ck et al. (2012). In this algo-
rithm, we describe the external spacetime of a neutron
star spinning at a moderate rate using the variant of
the Hartle-Thorne metric developed by Glampedakis &
Babak (2006).
The metric coefficients depend on the mass M of the
neutron star, on its specific angular momentum a, and
on the mass quadrupole moment q of the spacetime. We
choose to write the quadrupole moment as
q = −a2(1 + η) , (8)
for two reasons. First, when η = 0, the quadrupole
moment of the spacetime reduces to that of the Kerr
metric. Second, calculations of the quadrupole mo-
ments of spinning neutron stars using numerical algo-
rithms (Laarakkers & Poisson 1998; Pappas & Aposto-
latos 2012) showed that equation (8) remains valid even
for neutron stars that are spinning near their breakup
points. Typical values of the quadrupole moment require
η ∼ 1− 6, depending on the equation of state, as well as
on the stellar mass and radius.
The shape of a neutron star spinning at moderate rates
deviates from spherical. In the Hartle-Thorne approxi-
mation, the dependence of the neutron-star radius on the
polar angle θ can be written in terms of two parameters,
which we choose to be the equatorial and the polar radius
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Fig. 2.— An illustration of the two grids used in a typical cal-
culation of a lightcurve from a spinning neutron star. The image
plane has a size of 16GM/c2 on which we have set up a 65 × 65
grid. Contours of constant latitude and longitude are shown in
10◦ intervals on the neutron star surface. A 10◦ hot spot on the
neutron star is shown at a colatitude of 40◦ and at three different
rotational phases: ωt = 0, pi/2, and 2pi/3. The red rectangles out-
line the regions in the low-resolution grid within which we set up
a 256× 256 high-resolution grid, for each rotational phase. In this
figure, the inclination of the observer is 30◦, the neutron star has
a mass of 1.8 M⊙, a radius of 10 km, other parameters that are
typical of the FPS equation of state, and is spinning at 600 Hz in
the clockwise direction.
of the star, Rp and Req, as
R(θ)
Req
= sin2 θ +
Rp
Req
cos2 θ . (9)
For the purposes of the calculations reported in this pa-
per, we use the analytic fitting formula for the ratio of the
polar to the equatorial radius devised by Morsink et al.
(2007) as discussed in Baubo¨ck et al. (2012). Moreover,
the equatorial radii that we are reporting are defined such
that the proper circumference of a circle in the equator
at radius Req is equal to 2πReq. In all the simulations
presented hereafter, the value of the neutron star radius
quoted represents Req at the specified spin frequency.
Finally, we need to specify the intensity of radiation on
the stellar surface. In this paper, we will assume that ra-
diation emerges only from a small circular spot of angular
radius ρ that is fixed at a colatitude θs with respect to the
rotational pole of the neutron star. The spectrum of the
emerging radiation is that of a blackbody of temperature
TNS and the emission is isotropic. Because we will be re-
porting our results with the photon energy expressed in
units of TNS, the latter quantity will not represent an
additional parameter in our calculations.
In summary, the lightcurve from a spinning neutron
star in the Hartle-Thorne approximation and with the
approximations discussed above depends on the following
parameters: (i) the mass M of the neutron star; (ii) the
equatorial radius Req of the neutron star; (iii) its specific
angular momentum a; (iv) the quadrupole moment of
its spacetime as measured by the parameter η; (v) the
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Fig. 3.— Contours of constant (blue curves) time delay and (rain-
bow curves) ratio of observed to emitted photon energy from the
neutron star shown in Figure 2. The time-delay contours are at
equidistant intervals in the range (0.5− 10)×GM/c2; the photon-
energy contours are at equidistant intervals in the range 0.62−0.74.
The red dot marks the location of the north rotational pole of the
neutron star.
observer inclination θ0; (vi) the colatitude of the spot θs;
and (vii) the angular radius of the spot ρ.
2.2. Discretization, Convergence, and Performance
In order to calculate efficiently the flux of radiation
through the image plane, especially when the size of the
emitting region is very small, we evaluate the integral (1)
using a set of two nested grids, as shown in Figure 2.
We initially use the ray-tracing algorithm to calculate
and store the five mapping relations (2)-(3) on a low-
resolution grid of Nl ×Nl points, with a typical value of
Nl = 65. For each rotational phase of the neutron star,
we use these results in order to outline a rectangular
region in the low-resolution grid that surrounds the pro-
jection of the emitting region on the image plane (shown
as red rectangles in Figure 2 for three rotational phases).
We then set up a high-resolution grid within each of these
rectangular regions of Nh × Nh points, with a typical
value of Nl = 256. Finally, we use the ray-tracing al-
gorithm to calculate the mapping relations on the high-
resolution grid and evaluate numerically the integral (1)
only within this grid using a trapezoid integration.
Attaining a sufficiently high resolution for the first
three of the five mapping relations (2)-(6) is what drives
the requirement for a high-resolution grid. This is shown
in Figure 2, where contours of constant latitude and lon-
gitude on the neutron star surface (in intervals of 10◦,
which is the same magnitude as the angular size of the
spot in this example) are projected on the image plane.
The separation of nearby contours decreases rapidly from
the center of the stellar image to its edge; therefore, the
number of image plane points falling within a spot near
the edges also declines rapidly. The outline of even a
large spot of an angular radius of 10◦, as in this ex-
ample, would be barely resolvable in the low-resolution
grid shown in the figure as the spot makes its way to-
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wards the edge of the stellar image. In contrast, the last
two mapping relations (5)-(6) can be well approximated
even on the low-resolution grid. This is shown in Fig-
ure 3, in which contours of constant energy ratios ǫ and
time delays td are plotted on the image plane. As ex-
pected, the contours of constant redshift are nearly ver-
tical curves spanning a narrow range, whereas the con-
tours of constant time delay are nearly concentric circles,
centered at the origin of the α0, β0 plane. In more de-
tail, the waviness of the redshift contours arises from
two competing effects: the frame-dragging correction to
the magnitude of the surface velocity as measured by
a zero-angular-momentum observer and the quadrupole
correction to the gravitational redshift. Note that the
redshift contours are further distorted and develop the
island and saddle shapes shown, e.g., in the right panel
of Figure 5 of Baubo¨ck et al. (2013), when the neutron
star is viewed from a smaller inclination angle and has
a larger quadrupole moment. The frame-dragging and
the quadrupole corrections to the time-delay contours
are typically less than 1/1000 of the neutron star spin
period and are, therefore, negligible.
The convergence of the ray-tracing algorithm was
demonstrated in Psaltis & Johannsen (2012), where the
results were also compared to other algorithms for calcu-
lating the profiles of relativistically broadened fluorescent
lines around black holes. In Figure 4, we derive numer-
ically the convergence rate of our integration algorithm
for the calculation of the radiation flux. We have taken
the calculation shown in Figure 2, with a high-resolution
grid of 512 × 512 points nested in a low resolution grid
of 65 × 65 points as the fiducial one and calculated the
time-dependent flux at a photon energy of E = 3kBTNS
at 32 phase bins. We then repeated the same calcula-
tion with Nh =16, 32, 64, 128, and 256 grid points along
each dimension of the high-resolution grid and compared
these lower-resolution runs with the fiducial calculation.
We plot in Figure 4 the r.m.s. fractional difference be-
tween each of the lower-resolution runs and the fiducial
run, as a function of the number of grid points used. The
blue line shows the best-fit power-law relation between
the two quantities plotted, with the fractional difference
scaling approximately as ∼ N−1.56h . This convergence
rate is determined predominantly by the ability of the
two-dimensional grid to trace the shape of the deformed
circular spot, as the latter is projected onto the image
plane.
Figure 4 demonstrates that a high-resolution grid of
128×128 points leads to an accuracy of one part in thou-
sand, which is adequate for most applications. A typical
calculation takes approximately one second per phase bin
on a fast workstation. This time can be reduced by up to
two orders of magnitude if the ray-tracing part of the al-
gorithm is performed on a GPU card (see Chan, Psaltis,
& O¨zel 2013).
2.3. Comparison with Earlier Calculations
Figure 5 compares three lightcurves for a slowly spin-
ning (1 Hz) neutron star calculated with the current
algorithm to the results presented by Pechenick et al.
(1983) in their Figure 10. For this particular compari-
son, the beaming of the emission that emerges from the
stellar surface was taken to be proportional to sin δ. The
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Fig. 4.— Convergence plot for the configuration shown in Fig-
ure 2. Calculations with different numbers of points in the high-
resolution grid are compared to a fiducial calculation that has
512 × 512 grid points. The rms fractional error between their
lightcurves in 32 phase bins is shown as a function of the number
of grid points. The solid line shows the best fit slope of ∼ N−1.56,
which is determined mainly by the ability of the 2D rectangular
grid to trace the shape of the deformed circular spot.
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Fig. 5.— The flux of radiation from slowly-spinning neutron stars
with different values of the compactness 2GM/Rc2, emitting from
a single hot spot, as a function of the spin phase. The open circles
are taken from Figure 10 of Pechenick et al. (1983), while the solid
curves are the profiles calculated in the present work. The inclina-
tion of the observer is 90◦, the hot spot is on the stellar equator, its
angular half-size is 5◦, and the radiation emerges from its surface
with a beaming proportional to sin δ.
three different lightcurves correspond to neutron stars
with increasing compactness, from 2GM/Rc2 = 1/4 to
2GM/Rc2 = 1/1.7. As expected, at this low spin fre-
quency, the Doppler effects, as well as those of frame
dragging, oblateness, and of the spacetime quadrupole
moment are negligible.
Figure 6 compares two additional lightcurves with the
results shown in Figure 2 of Poutanen & Beloborodov
(2003), who used the Schwarzschild+Doppler approxi-
mation. Because we consider this to be a verification
comparison, we artificially set the frame dragging, the
stellar oblateness, and the spacetime quadrupole to zero
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Fig. 6.— The bolometric flux of radiation from neutron stars
with different spin frequencies, emitting from a single hot spot, in
the Schwarzschild+Doppler approximation. The open circles are
taken from Figure 2 of Poutanen & Beloborodov (2003), while the
solid curves are the profiles calculated in the present work. The
inclination of the observer is 45◦, the colatitude of the hot spot is
45◦, its angular half-size is 5◦, and the radiation emerges from its
surface with isotropic beaming. The neutron stars have a mass of
1.4 M⊙ and a compactness of 2GM/Rc2 = 1/2.5.
in our calculations. As discussed in, e.g., Braje et al.
(2000) and Poutanen & Boloborodov (2003), Doppler
shifts and aberration have three main effects on the pulse
profiles: they increase their amplitudes, they shift the lo-
cation of their maxima to earlier phases, and they intro-
duce an asymmetry to the profile. Even though in our ap-
proach the effects of Doppler shifts and of aberration are
calculated automatically and cannot be separated from
those of the gravitational lensing and of the gravitational
redshift, our results agree, as expected, with the earlier
approximate methods.
3. RESULTS
We now explore the effects of the stellar oblateness and
of the spacetime quadrupole moment on the pulse pro-
files. Figure 7 shows the result of incorporating these
two effects, one at a time, on the pulse profile calculated
for a 1.8 M⊙, 15 km neutron star described by the equa-
tion of state L and spinning at 600 Hz (see Baubo¨ck et
al. 2012 for a description of the equations of state and
their relevant parameters). This rather large radius for
the neutron star, albeit disfavored by current observa-
tions (see O¨zel 2013 and references therein), leads to the
largest Doppler, oblateness, and quadrupole effects. The
left panel of the figure shows the pulse profiles at three
different observer inclinations at a photon energy equal to
three times the surface temperature, which roughly cor-
responds to the peak of the spectrum (before applying
the gravitational and Doppler shifts). The right panel
shows the pulse profile at a single observer inclination
but for three different photon energies.
As discussed in Morsink et al. (2007), taking into ac-
count the oblateness of the stellar surface significantly re-
duces the amplitude of pulsations. Comparing the pulse
profiles of two neutron stars with the same equatorial ra-
dius but different surface shapes, an increasing oblateness
both increases the gravitational redshift experienced by
photons leaving a non-equatorial emitting region as well
as alters the relative orientation of the emitting region
with respect to the distant observer. The net effect is
a decrease in the observed flux at the peak of the pulse
profile. Moreover, the oblate shape of the stellar sur-
face alters the visibility of different regions of the surface
by a distant observer and changes the flux at the min-
imum of the pulse profile. The phase of the maximum
flux and the asymmetry of the profile, both of which are
predominantly determined by Doppler effects are not al-
tered significantly. Taking into account the oblateness of
the stellar surface while still neglecting the quadrupole of
the spacetime corrects for most of the difference between
the Schwarzschild+Doppler and the Hartle-Thorne ap-
proximations.
The quadrupole of the spacetime alters the pulse pro-
files primarily through its effects on the gravitational red-
shift experienced by photons. As discussed in Baubo¨ck et
al. (2013), the spacetime quadrupole competes with the
Doppler shifts in determining the energy and brightness
of the emerging radiation. As the observer inclination is
reduced, the Doppler effects become less important and
the redshift experienced by the photons is dominated by
the spacetime quadrupole.
Figures 8 and 9 show that the pulse profiles for the
same set up and observer inclinations, but for a neu-
tron star spinning at 300 Hz and for a 10 km neutron
star, respectively. These figures show that, as expected,
the effects of the stellar oblateness and of the spacetime
quadrupole become less important as the spin frequency
of the neutron star or its equatorial radius are reduced.
The correction introduced by the oblateness of the neu-
tron star, albeit small, still dominates the correction in-
troduced by the spacetime quadrupole.
Figure 10 quantifies the magnitudes of the errors intro-
duced in the calculation of the pulse profiles by neglect-
ing the stellar oblateness and the spacetime quadrupole.
As expected from the above discussion, the effects of the
stellar oblateness become large as the observer inclina-
tion becomes very different from the colatitude of the
emitting region but have a weak dependence on photon
energy. On the other hand, the effects of the spacetime
quadrupole have a stronger energy dependence and be-
come more significant (in absolute value) as the inclina-
tion of the observer is reduced. This is consistent with
the fact that quadrupole effects arise primarily from the
influence of the spacetime quadrupole on the gravita-
tional redshift experienced by the photons and their rel-
ative contribution to the observed flux increases as the
Doppler effects become less pronounced.
The overall effects of the stellar oblateness and of the
spacetime quadrupole for a 600 Hz spin frequency are
of order ∼ 10 − 30% and ∼ 1 − 5%, respectively, de-
pending on the radius of the neutron star and the ob-
server inclination. These are comparable to the stated
5% target uncertainty in the measurement of neutron-
star masses and radii using observations of pulse profiles
with NICER and LOFT. As a consequence, achieving
the goals of these two missions requires calculating pulse
profiles with both these effects taken into account.
We thank Michi Baubo¨ck for many useful discussions
on ray tracing in neutron-star spacetimes and the referee
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Fig. 10.— The energy dependence of the relative errors of the flux at spin phase 0.9 with the respect to the calculation in the Hartle-
Thorne metric of (Left) the Schwarschild+Doppler approximation with spherical neutron stars and (Right) of the Schwarzschild+Doppler
approximation with the oblateness of the neutron stars taken into account . The various line styles correspond to the different calculations
shown in Figures 7-9: the solid red curves are for the 15 km neutron stars spinning at 600 Hz shown in Figure 7; the dashed blue curves are
for the 15 km neutron star spinning at 300 Hz shown in Figure 8; the dotted green curves for the 10 km neutron star spinning at 600 Hz
shown in Figure 9. In each case, the three curves of the same style correspond, from top to bottom, to observer inclinations of 90◦, 60◦,
and 30◦, respectively.
